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Abstract – Single‑Carrier Frequency DivisionMultiple Access (SC‑FDMA) is a promising technique for high data rate indoor
Terahertz (THz) communications in future beyond 5G systems. In an indoor propagation scenario, the Line‑Of‑Sight (LOS)
component may be blocked by the obstacles. Thus, efϔicient THz SC‑FDMA communications require a fast and reliable Beam
Alignment (BA) method for both LOS and Non‑Line‑Of‑Sight (NLOS) scenarios. In this paper, we ϔirst adopt the hierarchical
discrete Fourier transform codebook for LOSBA, and introduce the hierarchical k‑means codebook forNLOSBA to improve the
beamforming gain. Simulation results illustrate that the hierarchical DFT codebook and the hierarchical k‑means codebook
can achieve the beamforming gain close to that of themaximum ratio transmission in LOS andNLOS cases, respectively. Based
on these two codebooks, we propose a Multi‑Armed Bandit (MAB) algorithm named Hierarchical Beam Alignment (HBA) for
single‑user SC‑FDMA THz systems to reduce the BA latency. HBA utilizes a hierarchical structure in the adopted codebook
and prior knowledge regarding the noise power to speed up the BA process. Both theoretical analysis and simulation results
indicate that the proposed BA method converges to the optimal beam with high probability for both the hierarchical DFT
codebook and the hierarchical k‑means codebook in the LOS and NLOS scenarios, respectively. The latency introduced by
HBA is signiϔicantly lower when compared to an exhaustive search method and other MAB‑based methods.
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1. INTRODUCTION
Terahertz (THz) communications are a key technology 
for the future wireless communications (beyond 5G) 
owing to its ample frequency spectrum resource 
between 0.1 and 10 THz promising a much higher 
capacity than mmWave communications [1], [2]. Major 
breakthroughs in hardware and theory have been 
achieved for the efϐicient realization of THz range 
transmission [3], [1]. Besides the ultra‑high bandwidth, 
THz wireless technology has the advantage that it could 
be deployed much faster and more efϐiciently than 
optical ϐiber systems, especially in a high‑density urban 
environment [4]. Moreover, THz communications are 
highly suited to the indoor environ‑ ment since THz 
communications systems can utilize the Non‑Line‑
Of‑Sight (NLOS) Multipath Components (MPCs) to 
enhance the link quality in indoor application [5], [6]. 
However, NLOS MPCs result in a highly frequency‑ 
selective channel, which requires the transmission sys‑ 
tem to deal with the Inter‑Symbol Interference (ISI) 
effect. The Single‑Carrier Frequency Division Multiple 
Access (SC‑FDMA) transmission approach provides a 
solution to conquer the high frequency selectivity of the 
channel. Compared to Orthogonal Frequency Division 
Multiplexing (OFDM), SC‑FDMA utilizes a Discrete 
Fourier Transform (DFT) pre‑coding to reduce Peak‑to‑
Average Power Ratio (PAPR) [7]. Due to the high carrier 
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frequency in Time-Division Duplex (TDD) massive 
Multiple-InputMultiple‑Output (MIMO) THz communi-
cations, the power ampliϐier efϐiciency in the THz band 
is degraded significantly. Hence, the beneϐits of a low 
PAPR of SC‑FDMA are emphasized for THz 
communications. Moreover, THz signals suffer from 
severe path loss caused by high carrier frequency 
around hundreds of GHz, which limits THz 
communications in an indoor transmission scenario [8],
[6]. To overcome the high path loss, directional beam‑ 
forming with massive Transmitter (Tx) and Receiver (Rx) 
antenna arrays is regarded as a reasonable solution. Be‑ 
cause of the short wavelength in THz bands, and the 
progress of antenna technology, the massive antenna ar‑ 
rays in principle can be packed into a small area, which 
enables a large beamforming gain at both Tx and Rx. 
Besides the massive antenna array, the Tx and Rx 
beams at the base station and user terminal must be 
formed accurately to achieve the beamforming gain. 
However, the design of beamforming codes is usually 
based on perfect Channel State Information (CSI), which 
is difϐicult to acquire in the THz case especially at the Tx 
side due to the large‑scale antenna array and the small 
Signal‑to‑Noise Ratio (SNR) before beamforming.
One way to circumvent the CSI requirement is to em‑ 
ploy a Beam Alignment (BA) scheme. BA is a process to 
ϐind the optimal transmit‑receive beam pair from prede‑ 
ϐined codebooks to maximize the receive signal strength. 
The beam alignment problem has been widely studied 
in mmWave communications. The authors in [9] advo‑ 
cate decoupling the BA process in mmWave transmis‑ 
sion into two steps to reduce the BA latency caused by
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a large codebook. First, the receiver beam is set to a
quasi‑omnidirectional beam and the transmitter scans
the beam codebook exhaustively for the best transmit
beam. Then, the receiver searches for the best beamwith
quasi‑omnidirectional transmit beam. To further acceler‑
ate the BA process, we replace the BA step at the receiver
by the frequency‑domain Minimum Mean‑Squared Error
(MMSE) equalizer design according to [10] exploiting the
high SNR at the receiver after the transmit BA for chan‑
nel estimation in [11]. Still, the exhaustive search at Tx
may take up to several seconds with a massive transmit
antenna array.
To reduce the duration of the BA process at the Tx,
Multi‑Armed Bandit (MAB) theory has been advocated
in many search strategies for the mmWave BA problem
[12]. MAB focuses on choosing the best arm with max‑
imal expected gain among multiple actions when each
choice’s gain is known after each selection. Based on
the MAB‑BA problem framework, many variants of MAB
solutions have been adapted to the mmWave commu‑
nication system. In [13], the authors proposed a cele‑
brated upper conϐidence bound beam selection scheme
in traditional MIMO systems. In [14], the authors in‑
troduced a beam alignment algorithm employing contex‑
tual information based on a structured MAB framework.
The algorithm in [15] utilizes latent probability struc‑
ture information from the varying transmission environ‑
ments and promises better performance in fast varying
mmWave channels. Anotherwork proposed a distributed
BA search method based on adversarial bandit theory,
where Tx and Rx choose their beamforming and combin‑
ing vector independently of each other [16]. Neverthe‑
less, these works do not provide a method with a short
training time and accurate beam alignment, especially in
multipath channels. Hence, the authors in [9] proposed a
Hierarchical Beam Alignment (HBA) algorithm based on
a stochastic MAB scheme, leveraging the inherent corre‑
lation structure among beams. HBA can identify the opti‑
mal beam accurately with a short exploration time, which
fulϐills the fast BA requirement in narrowbandMIMO LOS
mmWave communications. However, no speciϐic algo‑
rithm is proposed yet for broadband MIMO THz commu‑
nications. Moreover, if the LOS component of propagation
is blocked, the communications quality cannot be guaran‑
teed by the aforementioned algorithms.
In this paper, we consider the design of HBA algorithm
based on [9]. Given a hierarchical codebook, HBA se‑
lects thebeams tomaximize the cumulative receivepower
within a certain period in a hierarchical manner utiliz‑
ing the hierarchical structure of the codebook. Both the‑
oretical analysis and extensive simulation results demon‑
strate thatHBAcandetermine theoptimal beamwithhigh
probability and short latency. Moreover, the hierarchi‑
cal codebook design for indoor THz propagation is still
an open problem. We adopt the hierarchical DFT code‑
book proposed in [9] to the LOS THz scenario. Further‑
more, we propose a data‑drivenmethod according to [17]
to design a hierarchical codebook utilizing hierarchical k‑

means clustering for the NLOS THz scenario.
This paper is organized as follows. The system model,
channel model and beamforming framework are de‑
scribed in Section 2. In Section 3, the codebook design
problems in both LOS and NLOS THz propagation are for‑
mulated. The hierarchical DFT codebook is proven to be
a local optimum for the LOS codebook problem and is se‑
lected as the codebook for LOS HBA. A data‑driven code‑
book design algorithm based on hierarchical k‑means
clustering is proposed for the NLOS HBA. The HBA algo‑
rithm for the SC‑FDMA system operating in both LOS and
NLOS scenarios is discussed in Section 4. Numerical re‑
sults are provided in Section 5, followed by conclusions
in Section 6.
Notation: Bold lowercase letters (e.g., a) and uppercase
letters (e.g., A) represent column vectors and matrices,
respectively. 𝐴𝑖,𝑗 represents the (𝑖, 𝑗)‑th entry of A. 𝑎𝑘
and a𝑘 stand for the 𝑘th entry of a and the 𝑘th column of
A, respectively. (⋅)𝑇 , (⋅)∗, (⋅)𝐻 denote the transpose, con‑
jugate and Hermitian transpose of a vector or matrix, re‑
spectively. All complex‑valued gradients follow the deϐi‑
nition according to [18].

2. SYSTEMMODEL

2.1 Systemmodel
The block diagram of the SU MIMO SC‑FDMA transmis‑
sion is shown in Fig. 1.
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Fig. 1 – Structure of SU‑MIMO SC‑FDMA transmission system.

Here, the base station and the user terminal are equipped
with 𝑁𝑡 and 𝑁𝑟 antennas, respectively, where 𝑁𝑡 is set to
be a power of two, e.g., 𝑁𝑡 = 4, 8, or 16 .Let 𝑎𝑠[𝑘], 𝑘 ∈
{0, 1, ⋯ , 𝑀 − 1} be the transmit data sequence with vari‑
ance 𝜎2

𝑎 corresponding to the symbol vector a𝑠 for trans‑
mission in the SC‑FDMA system. For simplicity, only a sin‑
gle block is considered in the following. An 𝑀 ‑point DFT
precoding is applied to symbol block a𝑠 to transform a𝑠 to
an𝑀 ×1 vectorA = W𝑀a𝑠 in the frequency domainwith
A = [𝐴[0], 𝐴[1], ⋯ , 𝐴[𝑀 −1]]𝑇 . Afterwards, an𝑁𝑡 ×1 dig‑
ital precoding vectorw[𝜇] is employed for each frequency
domain symbol 𝐴[𝜇], 0 ≤ 𝜇 ≤ 𝑀 − 1 to form vectors of
size 𝑁𝑡 × 1 via

Â[𝜇] = w[𝜇]𝐴[𝜇] (1)

as shown in Fig. 1. Let Â𝑖 = [ ̂𝐴𝑖[0], ̂𝐴𝑖[1], ⋯ , ̂𝐴𝑖[𝑀 − 1]]𝑇
denote the𝑀 ×1pre‑coded frequency domain vector cor‑
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which can be expressed as

a(𝑁𝑎, 𝜙) = [1, ⋯ , 𝑒𝑗 2𝜋𝑓𝜈𝑟
𝑐 𝑛 sin𝜙, ⋯ , 𝑒𝑗 2𝜋𝑓𝜈𝑟

𝑐 (𝑁𝑎−1) sin𝜙]𝑇 ,
(5)

where 𝑛 is the antenna element index with 0 ≤ 𝑛 ≤
𝑁𝑎 − 1. 𝑁𝑎 denotes the number of antennas, 𝑟 is the an‑
tenna spacing and 𝑐 is the speed of light. In an indoor
THz channel, the LOS path gain |𝛼𝐿𝑂𝑆(𝑓𝜈, 𝑑)|2 depends
on the spreading loss 𝐿𝑠𝑝𝑟𝑒𝑎𝑑(𝑓𝜈, 𝑑) and absorption loss
𝐿𝑎𝑏𝑠(𝑓𝜈, 𝑑),

|𝛼𝐿𝑂𝑆(𝑓𝜈, 𝑑)|2 = 𝐿𝑠𝑝𝑟𝑒𝑎𝑑(𝑓𝜈, 𝑑)𝐿𝑎𝑏𝑠(𝑓𝜈, 𝑑),

𝐿𝑠𝑝𝑟𝑒𝑎𝑑(𝑓𝜈, 𝑑) = ( 𝑐
2𝜋𝑓𝜈𝑑 )

2
,

𝐿𝑎𝑏𝑠(𝑓𝜈, 𝑑) = 𝑒−𝑘𝑎𝑏𝑠(𝑓𝜈𝑑).

(6)

In (6), 𝑑 stands for the distance between transmit‑
ter and receiver, and 𝑘𝑎𝑏𝑠(𝑓𝜈, 𝑑) denotes the frequency‑
dependent medium absorption coefϐicient. The NLOS
components depend additionally on the reϐlection coef‑
ϐicient of the correponding surface. The squared magni‑
tude of the 𝑖th NLOS coefϐicient assuming ϐirst‑order re‑
ϐlection of the reϐlecting surface is given by

|𝛼𝑖(𝑓𝜈, 𝜁𝑖)|2 = Γ2
𝑖 (𝑓𝜈, 𝜁𝑖) ( 𝑐

2𝜋𝑓𝜈(𝑑𝑖,1 + 𝑑𝑖,2))
2

× 𝑒−𝑘𝑎𝑏𝑠(𝑓𝜈(𝑑𝑖,1+𝑑𝑖,2)),
(7)

where Γ𝑖(𝑓𝜈, 𝜁𝑖) is the product of the Fresnel reϐlection
coefϐicient and the scattering coefϐicient and can be calcu‑
lated as given in [6]. Due to the high reϐlection loss in the
THz band, the restriction to ϐirst‑order reϐlection MPCs is
justiϐied.
In [22], the authors advocated the extension of a statisti‑
cal channel model to the THz case in order to character‑
ize the reϐlection behavior of the furniture. As discussed
in [8], [24] and [22], modeling the reϐlection components
due to furniture by the ray‑tracing technique is not feasi‑
ble due to an extremely high computational load. Thus,
we adopt the hybrid channel modeling idea in [22] that
the LOS component and the reϐlection components due
to the walls and ceiling are generated by the ray‑tracing
technique and the reϐlection components due to the fur‑
niture are generated via the Saleh‑Valenzuela (S‑V) chan‑
nel model. We adopt the parameters’ setting of the S‑V
channel model in [22]. The details of this hybrid channel
modeling can be found in [22].

2.3 Beamforming framework
From a system level, the beamforming at the transmit‑
ter is required to maximize the sum receive power over
the transmission band. If H[𝜈] for all 𝜈 = 1, 2, ⋯ , 𝑁 is
known at the transmitter, the optimal beamforming vec‑
tor can be computed using the approach provided in [10].
However, in THz communications it is not practical to per‑
form an entry‑wise estimation of the channel matrix at
the transmitter, which has a large scale due to the large

antenna arrays. Thus, selecting the beam code from a pre‑ 
deϐined codebook is frequently considered in THz com‑ 
munications.
For a LOS scenario in THz band, the channel is dominated 
by the LOS component assuming its power is signiϐicantly 
larger than that of the other MPCs [8], [6]. In such a 
case, the beamforming problem is simpliϐied to ϐinding 
the AoD of the LOS component, and setting the beamfor-
ming vector as the steering vector pointing to the AoD of 
the LOS component. Thus, the codebook is composed 
only of steering vectors. In addition, in the LOS 
scenario, the coherence bandwidth is relatively larger 
due to the dominance of the LOS component, i.e., the LOS 
channel exhibits a ϐlatter frequency response than that 
of the NLOS channel. Thus, neighboring subcarriers can 
employ the same beamforming vector.
However, in an indoor THz scenario, the LOS propagation 
might be blocked by the presence of obstacles like mo-
ving persons, furniture, or many diverse objects [6]. In that 
case, the codebook cannot be designed as the composition 
of steering vectors anymore but has to be speciϐically tai‑ 
lored to the NLOS scenario. Also, the NLOS channel may 
be frequency‑selective due to the absence of the LOS 
component. Therefore, each subcarrier should be 
assigned a carefully designed code word.
According to the aforementioned difference between the 
LOS beamforming and the NLOS beamforming, a pre‑ 
judgement regarding the propagation scenario has to be 
conducted before beamforming. Since the LOS compo‑ 
nent power is nearly 20 dB larger than that of the NLOS 
components in the considered typical indoor scenario, the 
channel can be classiϐied by the receive power. For a 
training block, if the measured receive power is higher 
than a threshold 𝑃𝑡ℎ,  the channel will be classiϐied to a 
LOS channel, and the LOS beamforming procedure will be 
performed in the BA phase. Otherwise, the channel will be 
considered as a NLOS channel and the procedure for the 
NLOS beamforming will take place in the following BA 
phase. The power threshold 𝑃𝑡ℎ depends on the geome‑ 
try of the propagation scenario, the humidity of the atmo‑ 
sphere and the material of the reϐlecting objects. Thus, the 
power threshold must be designed based on the given 
propagation scenario and no general rule regarding its se‑ 
lection can be introduced. The adopted power threshold 
choice will be discussed in detail in Section 3. After the 
channel assessment, the beamforming vectors for each 
subcarrier are determined by the corresponding BA 
procedure, which will be discussed in detail in Section 4.

3. CODEBOOK DESIGN
In this section, we discuss the hierarchical beam code‑ 
book used in hierarchical beam alignment. Hierarchical 
codebooks have been already studied in [25]. The hie-
rarchical codebook is also the core of the hierarchical 
beam alignment, which helps to improve the efϐiciency in 
searching for the best beam code. In this section, we ϐirst 
introduce the deϐinition of the hierarchical codebooks,
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Fig. 3 – The beam coverage of a 3‑layer hierarchical codebook.

then discuss the design of the hierarchical codebooks in
the LOS scenarios and the NLOS scenarios.

3.1 Deϐinition
Before introducing the deϐinition of a hierarchical code‑
book, we ϐirst deϐine the beam coverage𝐶𝑉 (w𝑖) of a code
wordw𝑖 within a codebookW. Letℋ denote the set of all
possible channel snapshots within the given indoor prop‑
agation scenario, which is called the channel domain in
the following. The beam coverage𝐶𝑉 (w𝑖) of a codeword
w in a codebookW is a subset of the channel domain ℋ,
where the receive powerwith𝐶𝑉 (w𝑖) is strongest among
all code words inW, i.e.,

𝐶𝑉 (w𝑖) = {H ∣ ‖Hw𝑖‖2 = maxw𝑗∈W‖Hw𝑗‖2,H ∈ ℋ} .
(8)

Note that for each channel realization H in ℋ, there is al‑
ways a code word inW aligned to H. In other words, the
union of the beam coverages of all code words composes
the channel domain ℋ, i.e.,

∪w𝑗∈W𝐶𝑉 (w𝑗) = ℋ. (9)

A hierarchical codebook is a family of 𝐼 sub‑codebooks
W𝑖, 1 ≤ 𝑖 ≤ 𝐼 . In this work, we only consider the bi‑
nary hierarchical codebook, which means the size of the
𝑖th codebook is twice of the size of the (𝑖−1)th codebook.
The code words in the sub‑codebook are layered due to
their beam coverage as shown in Fig. 3. Let w(𝑖, 𝑗), 1 ≤
𝑖 ≤ 𝐼, 1 ≤ 𝑗 ≤ 2𝑖−1 denote the 𝑗th code word in the 𝑖th
layer. The beam coverage of all code words in the ϐirst
𝐼 − 1 layers must satisfy the following criterion:
Criterion 1: The beamcoverage𝐶𝑉 (w(𝑖, 𝑗)) of an arbitary
codewordw(𝑖, 𝑗) should be theunionof those of two code
words in the next layer, i.e.,

𝐶𝑉 (w(𝑖, 𝑗)) = 𝐶𝑉 (w(𝑖 + 1, 2𝑗 − 1)) ∪ 𝐶𝑉 (w(𝑖 + 1, 2𝑗)),
(10)

where 0 ≤ 𝑖 ≤ 𝐼 − 1. w(𝑖, 𝑗) is called the parent ofw(𝑖 +
1, 2𝑗−1) andw(𝑖+1, 2𝑗), andw(𝑖+1, 2𝑗−1),w(𝑖+1, 2𝑗)
are called the children ofw(𝑖, 𝑗).
The above criterion guarantees the codebook is tree‑like,
which can be used in the hierarchical beam alignment.
In the HBA algorithm, which will be introduced in Sec‑
tion 4, the algorithm converges to a beam code in the
highest layer with high probability. Thus, the average

beamforming gain of a given hierarchical codebookW =
{W1,W2, ⋯ ,W𝐼} is deϐined as the average receive power
̄𝑟(W) of the best beam code in the highest layer, i.e.,

̄𝑟(W) = ∫
H∈ℋ

maxw(𝐼,𝑗)∈W𝐼 ‖Hw(𝐼, 𝑗)‖2
2𝑓H(H) 𝑑H, (11)

where 𝑓H(H) is the Probability Density Function (PDF) of
H. The aim of the codebook design is to generate a code‑
bookW satisfying Criterion 1 meanwhile maximizing the
beamforming gain ̄𝑟(W) overℋ. Meanwhile, the transmit
power must be limited. Without loss of generality, we as‑
sume that the 𝑗‑th beamforming code wordw(𝑖, 𝑗) in the
𝑖‑th layer has unit norm, i.e.,w𝐻(𝑖, 𝑗)w(𝑖, 𝑗) = 1.
The codebookdesign problem introduced above is formu‑
lated on the basis of the codebook design in [25]. How‑
ever, in [25], mainly the criteria for a hierarchical code‑
book are proposed and the objective function of the code‑
book design problem is not explicitly stated. In this work,
the two criteria for the hierarchical codebook in [25] are
modiϐied to a single criterion by adjusting the deϐinition
of the beam coverage. In addition, the beamforming gain
of the codes in a hierarchical codebook is utilized in this
work as an objective function, which can be regarded as a
supplement of the codebook design in [25].

3.2 LoS codebook design

In this subsection, a LoS propagation scenario is consid‑
ered, where the LoS component is always obtained. Based
on the measurement results in [20], the power of the LOS
component is nearly 20 dB larger than the power of the
NLOS components in the THz band in a typical propaga‑
tion scenariodue to thehigh reϐlectionand scattering loss.
Therefore, the channel in THz LOS scenario is in principle
LOS‑dominant. In this case, the beam should be focused
on the LOS component.
In this paper, the receiver position is assumed to be
uniformly distributed within the considered indoor en‑
vironment in Fig. 2. Thus, the LOS spatial angle
Φ = 2𝜋𝑓𝜈𝑟

𝑐 sin𝜙𝐿𝑂𝑆 is considered as uniformly distributed
within (0, 2𝜋), where 𝑟 is the antenna spacing. Due to the
LOS‑dominant channel property in the considered sce‑
nario, the beamforming gain of a given hierarchical code‑
bookW = {W1,W2, ⋯ ,W𝐼} is deϐined as the the receive
power of the best beam code in the highest layer for the
LOS component with spatial angle Φ, i.e.,

𝑔(Φ) = maxw∈W𝐼 ‖a𝑇
𝑠 (𝑁𝑇 , Φ)w‖2

2. (12)

where a𝑠(𝑁𝑇 , Φ) = [1, ⋯ , 𝑒𝑗Φ, ⋯ , 𝑒𝑗(𝑁𝑇 −1)Φ]𝑇 . The code‑
book design problem is equivalent to maximizing the av‑
erage beamforming gain over Φ ∈ (0, 2𝜋). Hence, the
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(a) Beamforming gain indBof thehi‑
erarchical DFT codebook in the LOS
indoor scenario without furniture.
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(b) Beamforming gain in dB of the
maximum ratio transmission in the
LOS indoor scenario without furni‑
ture.
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(c) Beamforming gain in dB of the
hierarchical DFT codebook in the
LOS indoor scenario with furniture.
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(d) Beamforming gain in dB of the
maximum ratio transmission in the
LOS indoor scenario with furniture.

Fig. 4 – Beamforming gain of different codebooks in the given indoor propagation scenario with a carrier frequency of 100 GHz single‑frequency trans‑
mission.

codebook design problem can be written as

maxW ∫
2𝜋

Φ=0
𝑔(Φ)𝑑Φ

s.t. w𝐻(𝑖, 𝑗)w(𝑖, 𝑗) = 1, 1 ≤ 𝑖 ≤ 𝐼, 1 ≤ 𝑗 ≤ 2𝑖−1

𝐶𝑉 (w(𝑖, 𝑗)) = 𝐶𝑉 (w(𝑖 + 1, 2𝑗 − 1))∪
𝐶𝑉 (w(𝑖 + 1, 2𝑗)), 1 ≤ 𝑖 ≤ 𝐼 − 1, 1 ≤ 𝑗 ≤ 2𝑖−1,

(13)
where w(𝑖, 𝑗) denotes the 𝑗th code word in the 𝑖th layer.
The above optimization problem is a non‑convex prob‑
lem due to the non‑convex constraints. Hence, it is difϐi‑
cult to obtain the globally optimum solution for the code‑
book W. However, the objective function value depends
only on the sub‑codebook in the highest layer, i.e.,W𝐼 =
[w1,w2, ⋯ ,w𝑇

2𝐼−1 ]. One greedy approach for the code‑
book design problem is to choose the sub‑codebook in
the highest layer W𝐼 for maximization of the objective
function value. Then, the highest sub‑codebookW𝐼 is ex‑
tended to a hierarchical codebook. The design problem
for the highest layer sub‑codebookW𝐼 is given by

maxW𝐼 ∫
𝜙
maxw∈W𝐼 ‖a𝑇 (𝑁𝑇 , 𝜙)w‖2

2 𝑑𝜙

s.t. w𝐻(𝐼, 𝑗)w(𝐼, 𝑗) = 1, 1 ≤ 𝑗 ≤ 2𝐼−1.
(14)

This optimization problem is non‑convex since the objec‑
tive function is a non‑concave function. Theorem 1 shows
that the DFT codebook will be one of the locally optimum
solutions for the above optimization problem if the high‑
est layer sub‑codebook size is ϐixed to 𝑁𝑇 . In [9], the uni‑
tary DFT matrix W𝑁𝑡

is chosen as the codebook for the
beam alignment, which is given by

W𝑁𝑡
= 1

√𝑁𝑡
[a𝑠(𝑁𝑡, Φ1), ⋯ , a𝑠(𝑁𝑡, Φ𝑛), ⋯ , a𝑠(𝑁𝑡, Φ𝑁𝑡

)],
(15)

with a𝑠(𝑁𝑡, Φ𝑛) = [1, 𝑒𝑗Φ𝑛 , ⋯ , 𝑒𝑗(𝑁𝑡−1)Φ𝑛]𝑇 . Here, Φ𝑛 =
𝜋(2𝑛−1)

𝑁𝑡
, 𝑛 ∈ {1, ⋯ , 𝑁𝑡} denotes the spatial angle of the

𝑛‑th beam.
Theorem 1: The unitary DFT matrix F is one of the locally 
optimum solutions for the above optimization problem if 
the codebook size is ϐixed to 𝑁𝑇

Proof. See Appendix A.

Fig. 4 illustrates the beamforming gain for the LOS case 
in the given indoor scenario. Here, 100 × 100 sampling 
points are considered and their beamforming gains are 
obtained. The beamforming gain deϐinition can be found 
in (11), which is the objective function of the proposed 
codebook design. The performance of the resulting code‑ 
book can be evaluated by the beamforming gain shown in 
Fig. 4.
In Fig. 4(a) and 4(b), only the multipath component 
generated by a ray‑tracing algorithm is considered. 
Fig. 4(a) illustrates the beamforming gain of the DFT 
codebook in the considered LOS indoor propagation 
scenario. Compared to the beamforming gain of the 
Maximum Ratio Transmission (MRT) in Fig. 4(b), which 
is considered as the upper bound of the beamforming 
gain, the beamforming gain of the DFT codebook within 
the entire indoor environment is close to that of MRT. 
Hence, the hierarchical DFT codebook entails only a 
slight performance loss with a small codebook size, 
which can be considered as a welltailored codebook for 
the LOS scenario.
Fig. 4(c) and Fig. 4(d) illustrate the beamforming gain of 
the DFT codebook and MRT, respectively, for the LOS case 
in the given indoor scenario with furniture. The beam‑ 
forming gains of 100 × 100 sampling points have been 
obtained. For one sampling point, 100 statistical chan‑ 
nel snapshots have been generated to obtain the 
average beamforming gain. The difference between the 
beamforming gain of the DFT codebook and MRT is 
insignificant, which suggests that the DFT codebook 
achieves a promising performance even in a complex 
indoor scenario.
To generate the sub‑codebooks in lower layers, the beam 
coverage of the DFT codebook should be determined. 
Based on the deϐinition of the beam coverage in Criterion 
1, the beam coverage of a beam code w(𝐼, 𝑗) in 𝐼t h layer 
is given by

𝐶𝑉 (w(𝐼, 𝑗)) = (2𝜋(𝑗 − 1)
𝑁𝑇

, 2𝜋𝑗
𝑁𝑇

) . (16)
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𝐶𝑉 (w(𝑖, 𝑗)) = (2𝜋(𝑗 − 1)2𝐼−𝑖

𝑁𝑇
, 2𝜋𝑗2𝐼−𝑖

𝑁𝑇
) . (17)

In the LOS scenario, a code wordw(𝑖, 𝑗) is identical to the
steering vector located in the center of its corresponding
beam coverage 𝐶𝑉 (w(𝑖, 𝑗)), which is given by

w(𝑖, 𝑗) = a(𝑁𝑇 , Φ𝑖,𝑗), (18)

where Φ𝑖,𝑗 = 𝜋(2𝑗−1)2𝐼−𝑖

𝑁𝑇
. Theorem 1: The beam coverage

𝐶𝑉 (w(𝑖, 𝑗)) of the 𝑗‑th code word in the 𝑖‑th layer can be
expressed as

𝐶𝑉 (w(𝑖, 𝑗)) = {Φ ∣ Φ ∈ [2𝜋(2𝑗 − 2)
2𝑖 , 4𝑗𝜋

2𝑖 ]} .

Proof. See Appendix B.

3.3 NLOS codebook design
In an indoor scenario, the LOS component might be
blocked by obstacles such as persons, furniture, or many
other diverse objects. In this case, utilizing the power
from NLOS components will be essential for the beam‑
forming performance. Consider a hierarchical codebook
W = {W1,W2, ⋯ ,W𝐼} with 𝐼 layers. The codebook de‑
sign problem can be written as

maxW ∫
𝜁
maxw(𝐼,𝑗)∈W𝐼 ‖w(𝐼, 𝑗)H𝑁𝐿𝑂𝑆(𝑓𝜈, 𝜁)‖2

2

𝑓𝜁(𝜁)d𝜁
s.t. w𝐻(𝑖, 𝑗)w(𝑖, 𝑗) = 1,

𝑖 = 1, 2, ⋯ , 𝐼, 𝑗 = 1, 2, ⋯ , 2𝑖−1

𝐶𝑉 (w(𝑖, 𝑗))
= 𝐶𝑉 (w(𝑖 + 1, 2𝑗 − 1)) ∪ 𝐶𝑉 (w(𝑖 + 1, 2𝑗))

(19)
where 𝑓𝜁(𝜁) is the PDFof the geometry information. How‑
ever, modeling the NLOS components’ behavior in the
THz band is still an open problem. It is difϐicult to model
theNLOS channel analytically including the reϐlection and
scattering behavior. Faced with this challenge in the
NLOS scenario, it is generally intricate to ϐind an analyt‑
ical method to generate the codebook in the NLOS sce‑
nario. Therefore, a data‑driven codebook design such as
the one proposed in [17] is of great beneϐit for the con‑
sidered indoor THz NLOS scenario. In the data‑driven ap‑
proach, the integral over the indoor scenario is approxi‑
mated by the average over 𝑁𝑝 realizations of the indoor
channel. In particular, the objective function is deϐined as

𝑓𝑁𝐿𝑂𝑆(W) =
𝑁𝑝

∑
𝑖=1

maxw(𝐼,𝑗)∈W𝐼 ‖H𝜈,𝑖
𝑁𝐿𝑂𝑆w(𝐼, 𝑗)‖2

2, (20)

maxW 𝑓𝑁𝐿𝑂𝑆(W)
s.t. w𝐻(𝑖, 𝑗)w(𝑖, 𝑗) = 1,

𝑖 = 1, 2, ⋯ , 𝐼, 𝑗 = 1, 2, ⋯ , 2𝑖−1

𝐶𝑉 (w(𝑖, 𝑗)) =
𝐶𝑉 (w(𝑖 + 1, 2𝑗 − 1)) ∪ 𝐶𝑉 (w(𝑖 + 1, 2𝑗)).

(21)
The above optimization problem cannot be solved di‑
rectly since the second hierarchical structure constraint
is non‑convex. Hence, before solving the overall hierar‑
chical codebook design problem, a single layer codebook
design problem is solved since the objective function de‑
pends only on the highest layer sub‑codebook. For a sin‑
gle layer codebookW = [w1,w2, ⋯ ,w𝐽 ], where 𝐽 is the
codebook size, the optimization problem is given by

maxW
𝑁𝑝

∑
𝑖=1

maxw𝑗∈W‖H𝜈,𝑖
𝑁𝐿𝑂𝑆w𝑗‖2

2

s.t. w𝐻
𝑗 w𝑗 = 1, 𝑗 = 1, 2, ⋯ , 𝐽

(22)

Theorem 3: Let Ĥ𝜈,𝑖 and denote (H𝜈,𝑖
𝑁𝐿𝑂𝑆)𝐻H𝜈,𝑖

𝑁𝐿𝑂𝑆 . The
distance 𝐷(X,Y) between two 𝑁𝑡 × 𝑁𝑡 matrices X and Y
is deϐined as

𝐷(X,Y) = tr((X − Y)(X − Y)𝐻). (23)

The optimization problem in (22) is equivalent to a dis‑
tance minimization problem, i.e.,

minW
𝑁𝑝

∑
𝑖=1

𝜈0+𝑀−1
∑
𝜈=𝜈0

minw𝑗∈W𝐷(Ĥ𝜈,𝑖,w𝑗w𝐻
𝑗 )

s.t. w𝐻
𝑗 w𝑗 = 1, 𝑗 = 1, 2, ⋯ , 𝐽

(24)

Proof. See Appendix C.

One well‑known algorithm to solve the distance mini‑ 
mization problem is k‑means clustering, which is an un‑ 
supervised machine learning algorithm. Here Ŵ 𝑗, 𝑗 = 
1, 2, ⋯ , 𝐽 and Ĥ𝜈,𝑖, 𝑖 = 1, 2, ⋯ , 𝑁𝑝 are regarded as the
clustering centers in k‑means clustering and the training 
data set, respectively. The overall training data set is de‑ 
noted as ℋ𝑁𝐿𝑂𝑆 . The algorithm proceeds by alternating 
between assignment step and update step as described in 
the following.

According to Criterion 1 of the hierarchical codebook, the 
beam coverage of a beam code w(𝑖, 𝑗), 𝑖 = 1, 2, ⋯ , 𝐼 − 1 is 
determined by

where H𝜈
𝑁

,𝑖
𝐿𝑂𝑆 is the NLOS channel frequency response of

𝑖t h realization at frequency 𝑓𝜈 .  The corresponding 
modiϐied codebook design problem reads
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(a) Beamforming gain in dB of the hierarchical DFT
codebook in the NLOS case without furniture.
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(b) Beamforming gain in dB of the maximum ratio
transmission in the NLOS case without furniture.
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(c) Beamforming gain in dB of the hierarchical k‑
means codebook in the NLOS case without furni‑
ture.
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(d) Beamforming gain in dB of the hierarchical DFT
codebook in the NLOS case with furniture.

0.5 1 1.5 2 2.5 3 3.5 4 4.5
Length (m)

0.5

1

1.5

2

2.5

W
id

th
 (

m
)

-30

-25

-20

-15

-10

-5

0

5

(e) Beamforming gain in dB of the maximum ratio
transmission in the NLOS case with furniture.
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(f) Beamforming gain in dB of the hierarchical k‑
means codebook in the NLOS case with furniture.

Fig. 5 – Beamforming gain of different approaches for the given indoor NLOS propagation scenario with carrier frequency of 100 GHz single‑frequency
transmission.

Algorithm 1 Hierarchical k‑means clustering
Input: ℋ𝑁𝐿𝑂𝑆, 𝐼
Output: W = {W1,W2, ⋯ ,W𝐼}
1: Initialization:H̃1

1 = ∑H𝜈,𝑖∈ℋ𝑁𝐿𝑂𝑆
(H𝜈,𝑖);

2: w1,1 = argmaxw𝐻w≤1w𝐻H̃1
1w

3: for all 2 ≤ ℎ ≤ 𝐼 do
4: for all 1 ≤ 𝑗 ≤ 2ℎ−2 do
5: Initialization: generate the initial codebook

Wℎ,𝑗 = {w(ℎ, 2𝑗 − 1),w(ℎ, 2𝑗)} andWℎ,𝑗
𝑜𝑙𝑑 = 0;

6: while Wℎ,𝑗 ≠ Wℎ,𝑗
𝑜𝑙𝑑 do

7: Wℎ,𝑗
𝑜𝑙𝑑 = Wℎ,𝑗;

8: 𝐶𝑉 (w(ℎ, 2𝑗 − 1)) = 𝐶𝑉 (w(ℎ, 2𝑗)) = ∅
9: H̃ℎ,2𝑗−1 = H̃ℎ,2𝑗 = 0;

10: Ŵℎ,2𝑗 = w(ℎ, 2𝑗)w𝐻(ℎ, 2𝑗)
11: Ŵℎ,2𝑗−1 = w(ℎ, 2𝑗 − 1)w𝐻(ℎ, 2𝑗 − 1)
12: for all H𝜈,𝑖 ∈ 𝐶𝑉 (w(ℎ − 1, 𝑗)) do
13: if 𝐷(H𝜈,𝑖, Ŵℎ,2𝑗) ≤ 𝐷(H𝜈,𝑖, Ŵℎ,2𝑗−1) then
14: 𝑘 = 2𝑗;
15: else
16: 𝑘 = 2𝑗 − 1;
17: end if
18: 𝐶𝑉 (w(ℎ, 𝑘)) = 𝐶𝑉 (w(ℎ, 𝑘)) ∪ H𝜈,𝑖 and

H̃ℎ,𝑘 = H̃ℎ,𝑘 + H𝜈,𝑖;
19: end for
20: solve w(ℎ, 𝑘) = argmaxw𝐻w≤1w𝐻H̃ℎ,𝑘w for

𝑘 = 2𝑗 − 1 and 𝑘 = 2𝑗
21: end while
22: end for
23: end for

Assignment step: Assign each training channel Ĥ𝑖 to the
corresponding clustering center Ŵ𝑗, which provides the
minimum distance 𝐷(Ĥ𝑖, Ŵ𝑗). This means the training
channel set is divided into𝐽 clusters, i.e.,ℋ1, ℋ2, ⋯ , ℋ𝐽 .
The 𝑗th cluster is expressed mathmatically as

ℋ𝑗 = {Ĥ𝜈,𝑖|𝑗 = argmin1≤𝑗≤𝐽𝐷(Ĥ𝜈,𝑖, Ŵ𝑗)} (25)

Update step: Recalculate centers for the training channels
assigned to each cluster. This is done by solving the fol‑
lowing optimization problem for 𝑗 = 1, 2, ⋯ , 𝐽

minW ∑
H∈ℋ𝑗

𝐷(H,W)

s.t. tr(W) = 1, 𝑗 = 1, 2, ⋯ , 𝐽
rank(W) = 1.

(26)

Theorem 4: The globally optimal solution ofW for (26) is
given by

W = w𝑚𝑎𝑥w𝐻
𝑚𝑎𝑥, (27)

where w𝑚𝑎𝑥 is the eigenvector of ∑H∈ℋ𝑗
H correspond‑

ing to its largest eigenvalue.

Proof. See Appendix D.

However, the aforementioned approach only generates a 
single layer codebook, which cannot be adopted for HBA. To 
guarantee the hierarchical structure of the ϐinal resul-ting 
codebook, one variant of k‑means clustering, named 
hierarchical k‑means clustering, is introduced here. The 
procedure of hierarchical k‑means clustering is shown in 
Algorithm 1. The most important property of hierarchical
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In this work, we mainly focus on the beam alignment 
problem for SU‑MIMO transmission. Nevertheless, the 
proposed beam alignment framework can be adjusted to 
the multi‑user case in a straightforward manner due to 
the sub‑band‑wise beam alignment setting. For the multi‑ 
user scenario, different users are assigned to different 
sub‑bands such that the sub‑band‑wise beam alignment 
problem is reformulated to a multi‑user beam alignment 
problem. This idea is similar to the frequency division 
multiple access in conventional communication systems. 
The only change here is the determination of the number 
of sub‑bands, which should be chosen based on both the 
number of users and the number of transmit antennas.

4.1.2 NLOS beam alignment
In the NLOS scenario, the receive signal consists of se-
veral NLOS MPCs. To utilize the power of the NLOS 
com‑ ponents, the hierarchical k‑means codebook 
described in Section 3 is implemented in this scenario. 
Due to the high frequency selectivity of the considered 
THz NLOS channel, even the frequency response of 
two neighbor‑ ing subcarrier may be quite distinct. 
Thus, the sub‑band beam alignment as used for the LOS 
scenario is not con‑ sidered in the NLOS case. Instead, 
speciϐic beams need to be aligned to each subcarrier used 
in an SC‑FDMA system for a fully optimum performance.
The BA problem for the 𝜈t h subcarrier is equivalent to 
ϐinding the beam code w∗

𝜈 from the hierarchical k‑means 
codebook with maximal mean receive power for the 𝜈t h 
subcarrier. Here, the mean receive power 𝑃𝜈(w𝜈) for pre‑ 
coding vector w𝜈 and the 𝜈t h subcarrier is given by

𝑃𝜈(w𝜈) = w𝐻
𝜈 H𝐻 [𝜈]H[𝜈]w𝜈 + 𝑁𝑅𝜎2

𝑛. (30)

Similar to the extension to multi‑user transmission in the 
LOS case, the beam alignment framework for the NLOS 
scenario can be adjusted to a multi‑user transmission as 
well. In the case of multi‑user transmission, different 
users are assigned to different subcarriers such that the 
subcarrier‑wise beam alignment algorithm is modiϐied to 
a multi‑user beam alignment algorithm.

4.1.3 HBA problem formulation
To accelerate the BA process in the large‑scale MIMO case, 
we reformulate the BA problem to a stochastic MAB prob‑ 
lem for stationary environments. The transmission sys‑ 
tem is considered as a time slotted system with 𝑇 time 
slots to search for the optimal beam. At the begining of the 
BA phase, the propagation scenario can be determined 
at the transmitter side based on the feedback of the re‑ 
ceive power proϐile. If the propagation environment is an 
LOS scenario, the sub‑band BA discussed in the LOS beam 
alignment is adopted for the following BA procedure. 
Otherwise, the subcarrier BA introduced in the NLOS 
beam alignment is utilized.
If an LOS component can be received, all 𝑀 subcarriers 
will be divided into 𝑛𝑠 sub‑bands and each sub‑band has

to be alignedwith an optimal beam. Thus, the BAproblem
is transformed to𝑛𝑠 parallel BA problems, where𝑛𝑠 is the
number of sub‑bands. For the 𝑖th sub‑band, we interpret
its receive power as the measured reward 𝑟𝑖, i.e.,

𝑟𝑖 =
𝜈0(𝑖)+𝑛𝑠𝑢𝑏−1

∑
𝜈=𝜈0(𝑖)

‖r[𝜈]‖2
2, (31)

where r[𝜈] is the receive signal vector for the 𝜈th sub‑ 
carrier. Consider the beam codes in the hiearchical DFT 
codebook as the arms in an MAB framework. Due to the 
randomness of data and noise, the reward 𝑟𝑖 is a random 
variable. This indicates that our LOS BA problem can be 
classiϐied as a stochastic MAB problem. Assuming a sta‑ 
tionary indoor scenario, we consider the channel as con‑ 
stant during the BA process. For simplicity, the reward 
is modeled as Gaussian distributed with variance 𝑛𝑠𝑢𝑏𝜎2. 
The average payoff function 𝔼[𝑟𝑖(w𝑖)] for a beam code w𝑖
in the hierarchical DFT codebook is equivalent to the 
average receive power 𝑃𝑖(w𝑖),

𝔼[𝑟𝑖(w𝑖)] = 𝑃𝑖(w𝑖), (32)

In the time slot 𝑡, the transmitter selects a beam code
w𝑖(𝑡) from the hierarchical DFT codebookW𝐷𝐹𝑇 for the
𝑖th sub‑band. At the receiver, the power 𝑟𝑖(w𝑖(𝑡)) of the
𝑖th sub‑band is measured and fed back to the transmit‑
ter. At the end of time slot 𝑡, the transmitter obtains the
measured rewards of all sub‑bands for this time slot and
decides which arm to select for which sub‑band based on
a speciϐic rule for the next time slot 𝑡 + 1.
For a stochastic MAB problem, the performance of the al‑
gorithm is evaluated via the expected cumulative regrets
over 𝑇 time slots. Here, the expected cumulative regrets
for the 𝑖th sub‑band 𝑅𝑖(𝑇 ) is deϐined as the expected dif‑
ference between the cumulative reward of the optimal
armw∗

𝑖 and the cumulative reward of the proposed algo‑
rithm for 𝑖th sub‑band, given by

𝑅𝑖(𝑇 ) =
𝑇

∑
𝑡=1

(𝑟𝑖 (w∗
𝑖 ) − 𝑟𝑖 (w𝑖(𝑡))) . (33)

The objective of the design of theMAB algorithm is to ϐind
a selection policy thatminimizes the sum expected cumu‑
lative regret𝑅𝐿𝑂𝑆(𝑇 ) over all sub‑bands, i.e.,𝑅𝐿𝑂𝑆(𝑇 ) =
∑𝑛𝑠

𝑖=1 𝑅𝑖(𝑇 ).
The BA problem for the NLOS scenario is similar to that
for the LOS scenario. Here, the BA problem can be trans‑
formed to 𝑀 parallel BA problem. For the 𝜈th subcarrier,
we interpret its receive power ‖r[𝜈]‖2

2 as themeasured re‑
ward 𝑟𝜈 , and consider the beam codes in the hierarchical
k‑means codebookas the arms in anMAB framework. The
reward is modeled as Gaussian distributed with variance
𝜎2. The average payoff function 𝔼[𝑟𝜈(w𝜈)] for beam code
w𝜈 is equivalent to the average receive power 𝑃𝜈(w𝜈),

𝔼[𝑟𝜈(w𝜈)] = 𝑃𝜈(w𝜈) = 𝜎2
𝑎w𝐻

𝜈 H𝐻 [𝜈] H[𝜈] w𝜈 + 𝑁𝑟𝜎2
𝑛.
(34)
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In each time slot 𝑡, the transmitter selects beam codes for
each subcarrier from the hierarchical k‑means codebook.
At the receiver, the receive power 𝑟𝜈 for the 𝜈th subcarrier
is measured and fed back to the transmitter. At the end of
time slot 𝑡, the transmitter obtains themeasured rewards
of all subcarriers for this time slot and decides which arm
to select for which subcarrier based on a speciϐic rule for
the next time slot 𝑡+1. In theNLOS scenario, the expected
cumulative regrets 𝑅𝜈(𝑇 ) for 𝜈th subcarrier is given by

𝑅𝜈(𝑇 ) =
𝑇

∑
𝑡=1

(𝑟𝜈 (w∗
𝜈) − 𝑟𝜈 (w𝜈(𝑡))) . (35)

where w∗
𝜈 is the optimal beam code for the 𝜈th subcar‑

rier. The objective of the algorithm design for the NLOS
case is to ϐind a selection policy that minimizes the sum
expected cumulative regret 𝑅𝑁𝐿𝑂𝑆(𝑇 ) over all subcarri‑
ers, i.e., 𝑅𝑁𝐿𝑂𝑆(𝑇 ) = ∑𝜈0+𝑀−1

𝜈=𝜈0
𝑅𝜈(𝑇 ).

4.2 HBA procedure
In the following, we extend the HBA algorithm proposed 
in [9] to the considered LOS and NLOS SC‑FDMA trans‑ 
mission. As mentioned, the BA problems for both LOS 
and NLOS scenarios, respectively, can be decomposed 
into several independent sub‑BA problems, which can be 
solved in parallel. The HBA algorithm discussed in the fol‑ 
lowing provides an efϐicient approach to solve one inde‑ 
pendent BA problem, such as a sub‑band BA problem in 
the LOS case and a subcarrier BA problem in the NLOS 
case, respectively.
The procedure of the HBA algorithm is shown in Algo‑ 
rithm 2. The algorithm is designed based on the hierar‑ 
chical structure of the average payoff function with re‑ 
spect to the code words. For a single BA problem, con‑ 
sider the beam code w(𝑖, 𝑗) in the hierarchical codebook. 
If w(𝑖, 𝑗) performs well, its left child w(𝑖 + 1, 2𝑗 − 1) and 
right child w(𝑖 + 1, 2𝑗) are highly likely to perform well, 
too. Hence, the algorithm will explore intensively within 
the beam coverage 𝐶𝑉 (w(𝑖, 𝑗)) with a good reward and 
loosely in others. For this proposal, a search tree is gene-
rated with nodes associated with the beam coverage, 
independently for each sub‑BA problem. The node in a 
higher layer covers a smaller region as discussed in the 
codebook design part. The algorithm operates in discrete 
time slots, and in each time slot 𝑡,  a new beam code is 
chosen by a deterministic rule based on the attributes of 
the search tree. The code selection procedure is executed 
independently for each sub‑band or subcarrier in the 
LOS or NLOS scenario, respectively. After measurement 
at the receiver, the observed rewards will be fed back to 
the transmitter. Afterwards, the transmitter updates the 
attributes of the entire search tree based on the newly 
observed rewards 𝑟𝑡 and the newly selected code is 
added to the search tree. By repeating this selection‑
update process, the HBA algorithm narrows the sear-
ching region intelligently until a close‑to‑optimal beam 
code is selected.

Algorithm 2 HAB Procedure in SC‑FDMA
Input: 𝜌1, 𝛾, 𝜎2, 𝑡𝑚𝑎𝑥
Output: b∗

1: Initialization: Set T𝑡 = {(1, 1)}, 𝑄2,1 = 𝑄2,2 = +∞
and 𝑏𝑡 = (1, 1);

2: while 𝑏𝑡 ≠ 𝑏𝑡−1 && 𝑡 < 𝑡𝑚𝑎𝑥 do
3: ℎ = 1, 𝑗 = 1 and ℙ = {(ℎ, 𝑗)};
4: New Node Selection
5: while (ℎ, 𝑗) ∈ T𝑡 do
6: Select new node (ℎ, 𝑗) based on (36);
7: ℙ = ℙ ∪ (ℎ, 𝑗);
8: end while
9: Selected new code: (𝐻𝑡, 𝐽 𝑡) = (ℎ, 𝑗);

10: Decision Tree Update: T𝑡+1 = T𝑡 ∪ (𝐻𝑡, 𝐽 𝑡);
11: Measure the reward 𝑟𝑡;
12: Attribute Update
13: for all (ℎ, 𝑗) ∈ T𝑡 do
14: if (ℎ, 𝑗) ∈ ℙ then
15: update 𝑁ℎ,𝑗(𝑡), 𝑅ℎ,𝑗(𝑡) and 𝐸ℎ,𝑗(𝑡) with (37),

(38) and (39), respectively;
16: end if
17: update 𝐸ℎ,𝑗(𝑡) with (39);
18: end for
19: 𝑄𝐻𝑡+1,2𝐽𝑡−1(𝑡) = 𝑄𝐻𝑡+1,2𝐽𝑡−1(𝑡) = +∞;
20: for all (ℎ, 𝑗) ∈ T𝑡 do
21: update 𝑄ℎ,𝑗(𝑡) with (40);
22: end for
23: end while

New node selection
In the new node selection phase, the HBA will select the
beam codew𝑡 withmaximal estimatedmean reward—Q‑
value for one subcarrier or sub‑band. The procedure of
node selection can be found from line 3 to line 10 in Al‑
gorithm 2. By exploiting the hierarchical codebook struc‑
ture, a binary tree search is implemented to ϐind the new
node. The binary search tree T is initialized in the begin‑
ning. A node in T is represented by (ℎ, 𝑗), where ℎ is the
depth from the root node and 𝑗, 1 ≤ 𝑗 ≤ 2ℎ−1 is the index
at depth ℎ. The corresponding beam code of node (ℎ, 𝑗)
is w(ℎ, 𝑗). After initialization, T1 contains only the root
(1, 1). Assume T𝑡 is the search tree at time 𝑡. Starting
from the root node, the Q‑values of two child nodes are
compared until a new node (𝐻𝑡, 𝐽 𝑡) ∉ T𝑡 is selected. For
a node (ℎ, 𝑗), the selection criterion is to choose its child
(ℎ + 1, 𝑗∗) with largest Q‑value, that is:

𝑗∗ =
⎧{
⎨{⎩

2𝑗, 𝑄ℎ+1,2𝑗(𝑡) > 𝑄ℎ+1,2𝑗−1(𝑡)
2𝑗 − 1, 𝑄ℎ+1,2𝑗(𝑡) < 𝑄ℎ+1,2𝑗−1(𝑡)
2𝑗 − Ber(0.5), 𝑄ℎ+1,2𝑗(𝑡) = 𝑄ℎ+1,2𝑗−1(𝑡)

(36)
where Ber(0.5) represents a Bernoulli distributed ran‑
dom variable with a parameter of 0.5. All selected nodes
during the compare‑select procedure are saved in 𝒫,
which is the path from the root node to the selected node.
The ϐinally selected node (𝐻𝑡, 𝐽 𝑡) is added to the search
treeT𝑡 to obtain the search treeT𝑡+1 for the next time slot
𝑡 + 1, T𝑡+1 = T𝑡 ∪ (𝐻𝑡, 𝐽 𝑡).
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Attribute update
In this step, the attributes of all nodes in the search tree
T𝑡+1 are updated based on the feedback of the measured
reward 𝑟𝑡 in the current time slot. For LOS BA, 𝑟𝑡 is the
measured receive power of one sub‑band, while 𝑟𝑡 is the
measured receive power of one subcarrier in the NLOS
case. The details of the attribute update are shown in Al‑
gorithm 2 from line 12 to line 22. The update of 𝑄‑values
consists of the following steps.
At ϐirst, the number of times 𝑁ℎ,𝑗(𝑡) that node (ℎ, 𝑗) has
been visited until time slot 𝑡 is updated as

𝑁ℎ,𝑗(𝑡) = 𝑁ℎ,𝑗(𝑡 − 1) + 1, ∀(ℎ, 𝑗) ∈ 𝒫𝜈. (37)

Node (ℎ, 𝑗) must have been visited one time when it is
selected as the new node for the search tree. (ℎ, 𝑗) will
be visited one more time when one of its descendants is
added to the search tree T𝑡. The average measured re‑
ward 𝑅ℎ,𝑗 of (ℎ, 𝑗) is updated by

𝑅ℎ,𝑗(𝑡) = (𝑁ℎ,𝑗(𝑡) − 1) 𝑅ℎ,𝑗(𝑡 − 1) + 𝑟𝑡

𝑁ℎ,𝑗(𝑡)
, ∀(ℎ, 𝑗) ∈ 𝒫.

(38)
The empirical average reward 𝐸ℎ,𝑗(𝑡) of node (ℎ, 𝑗) in
time slot 𝑡 is deϐined as

𝐸ℎ,𝑗(𝑡) = { 𝑅ℎ,𝑗(𝑡) + √ 2𝜎2 log 𝑡
𝑁ℎ,𝑗(𝑡) + 𝜌1𝛾ℎ, if 𝑁ℎ,𝑗(𝑡) > 0

+∞, otherwise
(39)

where√ 2𝜎2 log 𝑡
𝑁ℎ,𝑗(𝑡) represents the conϐidencemargin related

to the uncertainty of rewards, related to random data 
and noise. With increasing 𝑁ℎ,𝑗(𝑡),  the uncertainty of 
the reward of (ℎ, 𝑗) becomes lower, since there are more 
available observations. The conϐidence margin is 
designed based on Bayesian principle and derived in 
[26]. Here, 0 < 𝛾 < 1 and 𝜌1 > 0 are parameters of the 
algorithm, and 𝜌1𝛾ℎ speciϐies the maximum variation of 
the average reward function within beam coverage 𝐶𝑉 
(w(ℎ, 𝑗)) [26], which depend on the codebook structure. 
The datails re‑ garding 𝛾 and 𝜌 selection can be found in 
[26] and [9]. If 𝛾 and 𝜌 is chosen based on the bounded
diameter prin‑ ciple and well‑shaped region principle
from [9], HBA will converge to the optimal beam code
with high probability. In the initial phase of the HBA, no
information regarding the rewards is available. Hence,
𝐸ℎ,𝑗(𝑡) is initialized by inϐinity. With abundant observed
rewards within 𝐶𝑉 (ℎ, 𝑗) available, we can tighten the
upperbound of mean rewards step by step.
Finally, the estimated maximum mean reward 𝑄(ℎ, 𝑗) in
beam coverage 𝐶𝑉 (ℎ, 𝑗) is determined as [26]

𝑄ℎ,𝑗(𝑡) =
⎧{
⎨{⎩

min{𝐸ℎ,𝑗(𝑡),
max{𝑄ℎ+1,2𝑗−1(𝑡), 𝑄ℎ+1,2𝑗(𝑡)}},
if 𝑁ℎ,𝑗(𝑡) > 0
+∞, otherwise

(40)

When the HBA algorithm has obtained a sufϐicient num‑
ber of observed rewards within the searching tree, it will

Table 1 – SC‑FDMA system setting

Parameter Numerical Value
DFT size 𝑀 1200
DFT size 𝑁 2048
Cyclic preϐix length 𝐿𝑐 512
Transmission band 0.1 − 0.1281 THz
Number of transmit antennas 𝑁𝑡 64
Number of receive antennas 𝑁𝑟 2
Antenna gain 𝐺𝑡, 𝐺𝑅, 𝐺𝑡 = 𝐺𝑟 20 dBi
Signal constellation 4QAM

narrow its searching coverage in the highest layer. The
algorithmwill be terminated, if no new node has been se‑
lected and the selection result no longer changes, i.e.,

T𝑡+1 = T𝑡. (41)

Then, the currently selected beam w(𝐻𝑡, 𝐽 𝑡) is the de‑ 
rived beam for the correponding sub‑band and subcarrier 
in LOS and NLOS cases, respectively. According to [9], the 
computational complexity of the HBA is quadratic in the 
number of processed time slots, 𝑂(𝑇 2).

4.3 Complexity analysis
At time slot 𝑇 , for one subcarrier or sub‑band, the deci‑ 
sion tree contains 𝑇 nodes as the tree is extended by one 
node in each time slot. The attributes of all nodes in a de‑ 
cision tree should be updated in each time slot, and hence 
the run time in time slot 𝑇 is linear in 𝑇 , i.e., 𝑂(𝑇 ). As 
the algorithm is executed for 𝑇 time slots, the total com‑ 
putational complexity of the proposed HBA algorithm is 
quadratic in 𝑇 , i.e., 𝑂(𝑇 2) [9].

5. NUMERICAL RESULTS
In the following, we investigate a THz SC‑FDMA system, 
whose parameter settings are provided in Table 1.
The transmission scenario is the indoor scenario consi-
dered in [6]. The transmitter is ϐixed at the center of the 
room ceiling and the location of the receiver with ϐixed 
height ℎ = 1.5 m is uniformly distributed within the in‑ 
door environment. The results are averaged over 500 
channel realizations. The proposed algorithm is com‑ 
pared to the following benchmarks:
Optimal SC‑FDMA beamforming: In this beamforming 
scheme, the CSI is considered as known at both the re‑ 
ceiver and the transmitter. Thus, an MMSE frequency do‑ 
main equalizer according to [10] can be designed. This 
algorithm aims to minimize the MSE after equalization, 
which can be formulated as a convex optimization prob‑ 
lem. The optimal solution is derived in [10], and its per‑ 
formance can be regarded as a performance upper bound 
for our proposed scheme.
Random beamforming: In random beamforming, the 
beamforming vector for each subcarrier or sub‑band is a
random complex vector with constant 𝐿2‑norm and ran‑ 
dom phase proϐile. An MMSE equalizer is employed at the

ITU Journal on Future and Evolving Technologies, Volume 2 (2021), Issue 7, 15 October 2021



0 50 100 150 200
Time slots

0

200

400

600

800

1000

1200

1400

C
um

ul
at

iv
e 

re
gr

et

Exp3 10 dB
Exp3 0 dB
HBA 0 dB
HBA 10 dB

Fig. 7 – Cumulative regret of different algorithms in LOS scenario.
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Fig. 8 – Cumulative regret of different algorithms in NLOS scenario.

receiver as well. This scheme is related to a performance 
lower bound. 
Exhaustive search: Exhaustive search is a naive beam 
alignment approach. In this scheme, the transmitter 
applies all beam codes from the predeϐined 
codebook several times to obtain the rewards of all 
beam codes [9]. Then the beam code with the 
largest measured reward is selected for usage. This 
beamforming method ensures that the optimal beam 
code from the available codebook is always obtained. 
Its performance serves for quantifying the loss due to 
the beam misalignment caused by the HBA.
Exponential weights (Exp3) algorithm: The Exp3 
algorithm is based on the adversarial MAB framework. 
In [16], the authors advocated applying the Exp3 
algorithm to the beam alignment problem. Compared to 
HBA, the Exp3 algorithm does not take the hierarchical 
structure of the codebook into account, which results in a 
slow convergence behavior for the beam code selection. 
Its convergence behavior can be taken as a reference for 
the convergence behavior of the HBA.

5.1 Cumulative regret
Figures 7 and 8 depict the sum cumulative regret 𝑅(𝑇 ) 
performance of the proposed HBA algorithm in LOS and 
NLOS scenarios, respectively, where the curves have been 
averaged over the receiver locations. Here, SNR is deϐined 
as the transmit power of one antenna divided by the noise 
power at one receive antenna. First, a bounded regret 
behavior is observed for both LOS and NLOS scenarios, 
which complies with the conclusion from [9]. In addition, 
the cumulative regret and the noise power are positively 
correlated, which indicates that the HBA needs more time 
slots to converge to the optimal beam under low SNR. 
However, under all SNR conditions, the HBA can achieve 
nearly 100% beam accuracy after 40 time slots, as 
conϐirmed by the bounded regret behavior. Moreover, 
under all SNR conditions in both LOS and NLOS scenarios, 
HBA performs better than Exp3 with respect to cumulative 
regrets. This is due to the fact that HBA utilizes the 
hierarchical structure of the codebook. Thus, searching

over the entire codebook is avoided in HBA. Meanwhile,
Exp3 operates like a random searching in the beginning,
which results in a large number of time slots to converge.

5.2 Convergence behavior

0 2 4 6 8 10 12 14 16 18 20
SNR (dB)

20

40

60

80

100

120

140

N
nu

m
be

r 
of

 ti
m

e 
sl

ot
s 

un
til

l c
on

ve
rg

en
ce

LOS HBA
NLOS HBA
LOS Exp3
NLOS Exp3

Fig. 9 – Convergence behavior of different BA schemes in both LOS and 
NLOS scenario.

Figure 9 illustrates the convergence behavior of the HBA 
in both LOS and NLOS scenario. In high SNR conditions, 
only 30 time slots are required for convergence to the ϐi‑ 
nally selected beam, which is much faster compared to the 
Exp3 algorithm, requiring nearly 100 time slots to con‑ 
verge [9]. Furthermore, the convergence speed is related 
to the SNR, i.e., the HBA needs more time slots to converge 
to the optimal beam under low SNR, suggested also by 
Fig. 9. The reason is that in low SNR, the measured re‑ 
wards are severely affected by the noise and the HBA re‑ 
quires more feedback information from the receiver to de‑ 
termine the mean reward. In all SNR conditions, our pro‑ 
posed approach converges faster compared to the bench‑ 
mark schemes.

5.3 BER performance
In Fig. 10, the BER performance of the different beam‑ 
forming schemes is shown for the LOS scenario. Appa-
rently, the performance of the HBA is signiϐicantly better 
than that of random beamforming. Furthermore, the HBA

ITU Journal on Future and Evolving Technologies, Volume 2 (2021), Issue 7, 15 October 2021



-10 -5 0 5 10 15 20 25
SNR (dB)

10-5

10-4

10-3

10-2

10-1

100

B
E

R

Exhaustive search
HBA
Optimal beamforming
Random beamforming
Exp3

Fig. 10 – Average BER vs. SNR for different beamforming schemes in
LOS scenario.

achieves a performance close to that of the optimal beam‑
forming and exhaustive search, respectively, which com‑
plies with Theorem 2 and demonstrates the beneϐits of
the HBA. In addition, although the Exp3 algorithm can
achieve a similar BER performance as the HBA, Exp3 re‑
quires double the number of the time slots than HBA.
Hence, HBA is able to provide a close‑to‑optimal beam se‑
lection with signiϐicantly shorter latency in the LOS sce‑
nario compared to the benchmark schemes.
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Fig. 11 – Average BER vs. SNR for different beamforming schemes in
NLOS scenario.

In Fig. 11, the BER performance for the NLOS scenario
is shown. To illustrate the performance of a hierarchical
k‑means codebook, the performance of the HBA with hi‑
erarchical DFT codebook is shown in addition as a bench‑
mark. First, HBAwith hierarchical k‑means codebook de‑
sign can improve the system performance by 3 dB com‑
pared to the HBAwith DFT codebook. The HBA algorithm
in the NLOS scenario achieves a performance close to the
performance upper bound as well. The gap between the
proposed scheme and optimal beamforming is reduced to
less than 1 dB. Thus, the hierarchical k‑means codebook
design canbetter exploit theNLOS components compared
to the DFT codebook. We can also state that HBA with hi‑
erarchical k‑means codebook is more likely to converge
to a suboptimal beam code than HBA in the LOS case, ac‑
cording to the gap between exhaustive search and HBA.

The reason is that the NLOS channel suffers from strong 
frequency‑selectivity. Thus, the training channels within 
the same beam coverage may have a large distance, which 
might direct the HBA to a non‑optimal code. Besides, 
the reduced channel quality in the NLOS case increases 
the misalignment rate signiϐicantly. However, this perfor‑ 
mance degradation is less than 1 dB, which is acceptable 
compared to the high exploration cost for the exhaustive 
search.

6. CONCLUSION

In this paper, hierarchical beam alignment with hierar‑ 
chical codebook design for SU‑MIMO THz communica‑ 
tions has been studied. First, the hierarchical codebook 
design problem in MIMO THz communications has been 
established. Next, the hierarchical codebooks for LOS 
and NLOS propagation have been designed based on DFT 
codebook and data‑driven hierarchical k‑means cluste-
ring, respectively. Then, the beam alignment problem 
in THz communications has been formulated and the 
HBA from mmWave communications is adjusted to 
the SC‑FDMA SU‑MIMO THz communication system. 
Numerical results show that HBA combined with 
hierarchical DFT codebook can achieve a performance 
close to the optimal beamforming from [10] in a LOS 
scenario, while in an NLOS scenario HBA combined with 
hierarchical k‑means codebook outperforms the DFT 
codebook. In our future work, the HBA will be extended 
to a multi‑user transmis‑ sion.

APPENDIX A

Proof of Theorem 1
Here, the maximum over the codebook can be replaced by 
the 𝐿∞‑norm as

∫
𝜙
maxw∈W𝐼 ‖a𝑇 (𝑁𝑇 , 𝜙)w‖2

2 𝑑𝜙 = ∫
𝜙

‖a𝑇 (𝑁𝑇 , 𝜙)W𝐼‖2
∞𝑑𝜙
(42)

Regarding the optimization problem in (14), the con‑
straints can be relaxed to a convex constraint, i.e.,
w𝐻

𝑗 w𝑗 ≤ 1, 1 ≤ 𝑗 ≤ 2𝑖−1, resulting in

maxW ∫ ‖a𝑇 (𝑁𝑇 , 𝜙)W‖2
∞d𝜙

s.t. w𝐻
𝑗 w𝑗 ≤ 1, 𝑖 = 1, 2, ⋯ , 𝑁𝑇 , 1 ≤ 𝑗 ≤ 𝑁𝑇 .

(43)

F is a local optimum for (12), if and only if there exists a
Lagrange multiplier vector 𝜆 guarantees the KKT condi‑
tions are satisϐied. The Lagrangian of (12) is given by

̂𝐺(W, 𝜆) = ∫
𝜙

‖a𝑇 (𝑁𝑡, 𝜙)W‖2
∞𝑑𝜙 −

𝑁𝑇

∑
𝑖=1

𝜆𝑗(w𝐻
𝑗 w𝑗 − 1).

(44)
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The gradient of Lagrangianwith respect to𝐹 ∗
𝑖,𝑘 is given by

𝑑 ̂𝐺
𝑑𝐹 ∗

𝑖,𝑘
=

𝑑 ∫2𝜋
0 (‖Fa(𝑁𝑡, 𝜙)‖2

∞)𝑑𝜙
𝑑𝐹 ∗

𝑖,𝑘
− 𝜆𝑘𝐹𝑖,𝑘

= ∫
2𝑖+1
𝑁𝑇

𝜋

2𝑖−1
𝑁𝑇

𝜋

𝑑| ∑𝑁𝑇 −1
𝑙=0 𝐹𝑖,𝑙𝑒𝑗(𝑙−1)𝜙|2

𝑑𝐹 ∗
𝑖,𝑘

𝑑𝜙 − 𝜆𝑘𝐹𝑖,𝑘

= ∫
2𝑖+1
𝑁𝑇

𝜋

2𝑖−1
𝑁𝑇

𝜋

𝑁𝑇 −1
∑
𝑙=0

𝑒
−𝑗2𝜋𝑖𝑙

𝑁𝑇 𝑒𝑗𝜙(𝑙−𝑘)𝑑𝜙 − 𝜆𝑘𝐹𝑖,𝑘

=𝑒
−𝑗2𝜋𝑖𝑘

𝑁𝑇

𝑁𝑇 −1
∑
𝑙=0

𝑒
−𝑗2𝜋𝑖(𝑙−𝑘)

𝑁𝑇
𝑒

(𝑙−𝑘)(2𝑖+1)
𝑁𝑇 − 𝑒

(𝑙−𝑘)(2𝑖−1)
𝑁𝑇

𝑗(𝑖 − 𝑘)
− 𝜆𝑘𝐹𝑖,𝑘

=𝑒
−𝑗2𝜋𝑖𝑘

𝑁𝑇

𝑁𝑇 −1
∑
𝑙=0

2 sin((𝑙 − 𝑘)𝜋)
𝑙 − 𝑘 − 𝜆𝑘𝐹𝑖,𝑘

=𝐷̂𝑖,𝑘𝐹𝑖,𝑘 − 𝜆𝑘𝐹𝑖,𝑘,
(45)

where 𝐷̂𝑖,𝑘 = ∑𝑁𝑇 −1
𝑙=0

2 sin((𝑙−𝑘)𝜋)
𝑙−𝑘 , which is not dependent

on 𝑖. Therefore, there exists a Lagrange multiplier 𝜆 that
satisϐies the KKT conditions. Hence, F is a local optimum
for the optimization problem (14) and (42).

APPENDIX B

Proof of Theorem 2

Proof. According to [16], the receive power
|a𝐻

𝑠 (𝑁𝑡, Φ)a𝑠(𝑁𝑡, Φ𝑖,𝑗)|2 is given by

|a𝐻
𝑠 (𝑁𝑡, Φ)a𝑠(𝑁𝑡, Φ𝑖,𝑗)|2 = sin2(𝑁𝑡(Φ𝑖,𝑗 − Φ))

sin2(Φ𝑖,𝑗 − Φ)
(46)

Inserting Φ𝑖,𝑗 = 𝜋(2𝑗−1)2𝐼−𝑖

𝑁𝑡
to the above equation, we ob‑

tain:

sin2(𝑁𝑡(Φ𝑖,𝑗 − Φ))
sin2((Φ𝑖,𝑗 − Φ))

=
sin2(𝑁𝑡( 𝜋(2𝑗−1)2𝐼−𝑖

𝑁𝑡
− Φ))

sin2(Φ𝑖,𝑗 − Φ)

= sin2(𝑁𝑡Φ)
sin2(Φ𝑖,𝑗 − Φ)

.
(47)

Hence, maximizing the receive power
|a𝐻

𝑠 (𝑁𝑡, Φ)a𝑠(𝑁𝑡, Φ𝑖,𝑗)|2 over the codebook in the
𝑖𝑡ℎ layer is equivalent to ϐinding the minimum of
sin2(Φ𝑖,𝑗 − Φ), which corresponds to minimizing
|Φ𝑖,𝑗 − Φ| with 1 ≤ 𝑗 ≤ 2𝑖−1. In other words, the beam
coverage ofw(𝑖, 𝑗) is a set of the steering vector with LOS
spatial angle close to Φ𝑖,𝑗. Since the distance between
Φ𝑖,𝑗 and Φ𝑖,𝑗−1 is 4𝜋

2𝑖 , the beam coverage of w(𝑖, 𝑗) is
obtained as

𝐶𝑉 (w(𝑖, 𝑗)) = [Φ𝑖,𝑗 − 2𝜋
2𝑖 , Φ𝑖,𝑗 + 2𝜋

2𝑖 ] . (48)

Next, 𝑁𝑡 is set to 2𝐼 . By inserting 𝑁𝑡 = 2𝐼 and Φ𝑖,𝑗 =
𝜋(2𝑗−1)2𝐼−𝑖

𝑁𝑡
into the above equation, the result in (17) can

be obtained.

APPENDIX C
Proof of Theorem 3
The objective function in (22) can be reformulated as

𝑁𝑝

∑
𝑖=1

𝜈0+𝑀−1
∑
𝜈=𝜈0

maxw𝑗∈W‖H𝜈,𝑖
𝑁𝐿𝑂𝑆w𝑗‖2

2

=
𝑁𝑝

∑
𝑖=1

𝜈0+𝑀−1
∑
𝜈=𝜈0

maxw𝑗∈Wtr((H𝜈,𝑖
𝑁𝐿𝑂𝑆)𝐻H𝜈,𝑖

𝑁𝐿𝑂𝑆w𝑗w𝐻
𝑗 )

=
𝑁𝑝

∑
𝑖=1

𝜈0+𝑀−1
∑
𝜈=𝜈0

maxw𝑗∈W

− 1
2(tr((Ĥ𝜈,𝑖 − Ŵ𝑗)(Ĥ𝜈,𝑖 − Ŵ𝑗)𝐻))

+ 1
2 tr(Ĥ𝜈,𝑖Ĥ𝐻

𝜈,𝑖) + 1
2 tr(Ŵ𝑗Ŵ𝐻

𝑗 ),
(49)

where Ĥ𝜈,𝑖 and Ŵ𝑗 are deϐined as (H𝜈,𝑖
𝑁𝐿𝑂𝑆)𝐻H𝜈,𝑖

𝑁𝐿𝑂𝑆 and
w𝑗w𝐻

𝑗 , respectively. Since tr(Ĥ𝜈,𝑖Ĥ𝐻
𝜈,𝑖) and tr(Ŵ𝑗Ŵ𝐻

𝑗 ) are
constant, the optimization problem in (22) is equivalent
to

minW
𝑁𝑝

∑
𝑖=1

𝜈0+𝑀−1
∑
𝜈=𝜈0

minw𝑗∈W𝐷(Ĥ𝜈,𝑖, Ŵ𝑗) (50)

APPENDIX D
Proof of Theorem 4
Since 𝑟𝑎𝑛𝑘(W) is ϐixed to 1,W can always be decomposed
as

W = w𝑥w𝐻
𝑥 . (51)

Hence, the optimization problem in (26) is equivalent to

maxw𝑥
∑
H∈ℋ𝑗

w𝐻
𝑥 Hw𝑥

s.t. w𝐻
𝑥 w𝑥 = 1.

(52)

The optimal solution for w𝑥 is given by w𝑚𝑎𝑥, where
w𝑚𝑎𝑥 is the eigenvector of∑H∈ℋ𝑗

H corresponding to its
largest eigenvalue.
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