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�� 'GWOW\EW

/M�
QMXM�YV�KIFFYIQKEGINE�JKMFQVW�JKEYW\W\E]��XOW�OMJMN\EQWNP\VW�WYUMFQE�JKWO\IS\I[INEFP
ON]� M�WFJW[W\E]� W�WO\WG\M� JKWOMFQIGN]WYV>� HFNHX�� UMXOI� FHRWFQGH�REW� WYUMFQE� JMN\MFQP�� EF[WKJI\V�� I
EYW\\M��UMXOI�FJKMF�OMFQEX�FHRWFQGH�RE>�WYUMFQWT.

*KM�NWYI� KIFLEKW\E]� WYUMFQE� \WY\MXM� ESYW\]WQF] � *KWOJMNM�EY�� [QM� \IY� FNWOHWQ� GKWYW\\M
HFQI\MGEQP� MOE\M[\VT� \WFHRET� UI\IN� ON]� JKWOMFQIGNW\E]� HFNHX�� UMXOI� FHRWFQGH�REW� WYUMFQE� EF[WKJI\V 
fQM� MS\I[IWQ�� [QM� GYWFQM� KIFLEKW\E]� FHRWFQGH�RWXM� UI�WN]�� [QM� QKW�HWQ� �MNPLE>� KIF>MOMG�� YV� \I[\WY
HFQI\MGUH�MOE\M[\MXM�\WFHRWXM�UI\INI��-<5��\I�FHRWFQGH�RWY�M�MKHOMGI\EE��MO\I�UI�WNP\I]�JIKI�YM�WQ
JKWOMFQIGEQP� OGW� NE\EE�� DESE[WFUH�� NE\E �� E� \WFHRET� UI\IN� � 5MXOI� UMNE[WFQGM� HFQI\MGNW\\V>� -<5
FQI\MGEQF]�OMFQMQM[\M��MNPLEY��
UM\MYE[\WW�H�KIQP�E>�E�KIFLEKEQP�FHRWFQGH�RET�UI�WNP.

1IUEY� M�KISMY, HFQI\MGUI� \MGMXM UI�WN], [QM� QKW�HWQ� �MNPLE>� KIF>MOMG� MQYW\]WQF]� \I
\WFUMNPUE>�NWQ��JMUI  FHYIK\MXM FJKMFI�OMFQEX\WQ�\EGM UMXOI HFQI\MGUI -<5 \W �MNWW�
UM\MYE[\I.

�� fUM\MYE[WFUI]�MZW\UI

9V� JKE\EYIWY� NE\WT\H�� YMOWNP� FJKMFI�� I� EYW\\M�� KMFQ� FJKMFI� MFQIWQF]� JMFQM]\\VY� GM
GKWYW\E.

' W� � = λ�W (1)

XOW ' W� �  B�FJKMF�GM�GKWYW\E  E�λ B�XMOMGMT�KMFQ�FJKMFI.

5MXOI� FJKMF� OMFQEXIWQ� WYUMFQE� UI�WN]�� JM� UI�WNP\MT� INPQWK\IQEGW� \MGVW� HFNHXE
JKWOMFQIGN]�QF]�� OM�IGNW\EWY� \MGV>� UI�WNP\V>� JIK � +EF �� MJEFVGIWQ� FJKMF� �\IUNM\\I]� NE\E]�� E� 
QIJV
KIFLEKW\E]� WYUMFQE� �JH\UQEK\I]� NE\E]� � fQE� FUI[UE� FG]SI\V� F� MJQEYINP\VY� GKWYW\WY� KIFLEKW\E] � *WKEMO
JMFNWOMGIQWNP\MXM�KIFLEKW\E]�M�MS\I[IWQF]�1�E�JKE\EYIWQF]�JMFQM]\\VY.
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D(t) = λ t

GKWY]3TT 2T

+IFLEKW\EW

WYUMFQE

+EF  1

+IFFYIQKEGI]� 
QE� NE\EE�� YV� YM�WY� JKETQE� U� SIUN�[W\E��� [QM� GM� GKWY]� KIFLEKW\E]
GMSYM�\VW�WYUMFQE�M[W\P�FENP\M�FG]SI\V�FM�FJKMFMY �fQM�SIYW[I\EW�GI�\M��Q U �M\M�XMGMKEQ�\IY�M�QMY��[QM
G�\WUMQMKVW�XMOV�S\I[EQWNP\VW�E\GWFQEZEE�MFQI�QF]�\WQDDWUQEG\VYE.
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&WT[IF� YV� KIFF[EQIWY� FNH[IT� HFQI\MGUE� -<5� ON]� I�M\W\QFUE>� HFNHX�� UMXOI� \WQ� FGM�MO\V>
JIK.

&
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&JKMF
D(t) = λ t

GKWY]

+IFLEKW\EW
\MFEQWN]

+EF  2 : (FQI\MGUI�-<5�GM�GKWYW\E�MQGW[IWQ�FJKMFH

9V�GEOEY��[QM�XMOMGMW�KISGEQEW�-<5�\I�
QMY�XKIDEUW�JM>M�W�\I�\IUNM\\H��NE\E���UMQMKI]
EOWQ�JKEYWK\M�JM�NE\EE�FJKMFI �'�
QMY�FNH[IW�H�W�\WQ�\W
DDWUQEG\V>�WYUMFQWT.

'VLWHJMY]\HQVT�DIUQ�\W�MS\I[IWQ��[QM�
UM\MYE[\WW�HFQI\IGNEGIQP�-<5�E�MQYW\EQP�HUNIOUH
UI�WN] � fQEYE� JKMFQVYE� FKWOFQGIYE�� G� YMYW\Q� GKWYW\E� F� \ESUEY� M�REY� FJKMFMY�� YM�WQ� �VQP� �MNWW

UM\MYE[\WW� JKWOMFQIGEQP� HFNHXE� EFJMNPSMGI\EWY� -<5 � 5MXOI� FJKMF� GMSKIFQIWQ� -<5� �HOWQ� H�EKIQPF]� E
OMN�W\� OM�IGN]QPF]� \MGVT� UI�WNP � '� UI�OMY� FNH[IW� FQKIQWXE[WFUEW� OWTFQGE]� JKWOJKE\EYI�QF]� G
SIGEFEYMFQE�MQ�FQMEYMFQE�-<5�E�HUNIOUE�UI�WN]��QIU�W�UIU�MQ�KMFQI�FJKMFI.

&QMEYMFQP�KIF>MOMG�G�\IFQM]RWW�GKWY]�ON]�-<5�MZW\EGIWQF]�FNWOH�REY�M�KISMY:

*KE\EYIWY��[QM�Γ ��
QM�M�RI]�FQMEYMFQP�MO\MXM�-<5. *HFQP γ   �HOWQ

γ = LΓ (2)

*MFQM]\\I] γ  JKE�NESEQWNP\M� MJEFVGIWQ� XMOMGVW� KIF>MOV� \I� -<5 � fQM� JKE�NE�W\EW� \W
GUN�[IWQ�GFW�KIF>MOV�\I�HFQI\MGUH�E�OWYM\QI�.

&QMEYMFQP� KIF>MOMG� G� \IFQM]RWW� GKWY]� \I� -<5� MJKWOWN]WQF]� \I� W� NWQ� FJKMFI� E� JKEYWK\M
KIG\]WQF]:

� �3:
6&&

= −∫ λ γ�W ��H GWUW

�

W

(3)

&WT[IF�YV�>MQEY�KIFFYMQKWQP�FNH[IT��UMXOI�GGMO�MQGW[IWQ�FJKMFH�E�JKEYWK\M�MJKWOWN]WQF]�OM
GKWYW\E�1��SIQWY�YV�H�EKIWY�-<5�E�KIFLEK]WY�UI�WNE�OM�IGN]]�MOE\M[\VW�JIKV �<I�KEF ��ESM�KI�W\�
QMQ
JKMWUQ.
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D(t) = λ t

GKWY]T1T S/λ

KIFLEKW\EW

WYUMFQE

S

T S/λ T10

3 (a)

3 (b)

+EF  3

+EF� �� (b) MJEFVGIWQ� JMQMU� \INE[\MFQE�� E� YV� YM�WY� GEOWQP�� [QM� KIF>MOV� FMFQM]Q� ES� OGH>
UMYJM\W\QMG �-OE\�OEFUKWQ\VT�GM�GKWYW\E��JKWOFQIGNW\\VT�FQKWNUIYE��\IJKIGNW\\VYE�GGWK>��E�MJKWOWN]�RET
QW�KIF>MOV��UMQMKVW�OMN�\V�JKMESGMOEQPF]�KIFLEKW\EWY�WYUMFQWT��E�MOE\�JKMOMN�EQWNP\VT��JKWOFQIGNW\\VT
QKWHXMNP\EUIYE � fQM� OIWQ� FQMEYMFQP� EFJMNPSMGI\E]� -<5� \I� 1� NWQ � &QMEYMFQP� G� \IFQM]RWW� GKWY]� :
\WMXKI\E[W\\V>�KIF>MOMG�KIG\]WQF]

3: GW & 6 H 3:UW U7

)

UV

R

7

= + +− − −∫ γ λ λ� �WH �H� � � (4)

:
)

  B� 
QM� FQMEYMFQP� G� \IFQM]RWW� GKWY]� \WMXKI\E[W\\MXM� JMFNWOMGIQWNP\MXM� KIFLEKW\E]� GM

GKWY]� 6 / λ  , UMXOI� HFQI\IGNEGIWQF]� \MGVT� -<5� �KEF 3b�� E� OM�IGN]WQF]� \MGI]� JIKI�� E�&�6� B� FQMEYMFQP�6-
JIK\MXM� UI�WN] � G� FNH[IW�� UMXOI� GFW� 
QE� KIFLEKW\E]� JKMESGMO]QF]� JKE� MOE\IUMGMT� WYUMFQE� E� UMNE[WFQGW
-<5, : :

)
= . 1IUEY�M�KISMY�YV�JMNH[IWY

3:

GW & 6 H

H

UW U7

R

7

UV

=
+

−

− −

−

∫ γ λ

λ

� �WH � �

��
(5)

:  -�
QM�DH\UZE]�MQ�7�E�6��YE\EYHY�UMQMKMT�YM�WQ��VQP�\ITOW\��UMXOI

∂

∂

: 7 6

7

� � �
= � ,

∂

∂

: 7 6

6

� � �
= � (6)

fQI�INXW�KIE[WFUI]�FEFQWYI�JKWOMFQIGN]WQ�MJQEYINP\H��MZW\UH�ON]�6�E�7.
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5MXOI

• 7� �� MJQEYINP\I]�FQKIQWXE]�UI�WNP\MT�INPQWK\IQEGV;
• 7� �∞ KWUMYW\OHWQF]�HFQI\MGUI�-<5�\I�ONEQWNP\MW�GKWY];
• ��7�∞ YV�GKWYW\\M�EFJMNPSHWY�-<5�G�QW[W\EW�1�NWQ, XNIG\VY�M�KISMY GM�GKWY]�E\QWKGINI�(0-T)

GFWXM�\MGMXM�FJKMFI EFJMNP]WQF]�MQ�-<5. '�YMYW\Q�GKWYW\E 7, YV�HOIN]WY -<5 E YV HFQI\MGNEGIWY
\MGMXM�UI�WNP]�ES 6 JIK. -�MKHOMGI\EW�OMFQIQM[\M�
DDWUQEG\M�OM�YMYW\QI�GKWYW\E� 6 � λ  .

*MNH[W\\I]�FQMEYMFQP�UI�WN]�]GN]WQF]�NE\WT\MT�DH\UZEWT�MQ�YMR\MFQE�6

& 6 $ %6� � = + (7)

JKMESGMO\VW�MQ�KIGW\FQGI�����JMNH[W\V

( )γ λ 7 U $ %6= + (8)

( ) ( )H
U%

HUV U7� λ γ− = −� � (9)

/WQINE� GV[EFNW\ET� \W� JKEGMO]QF] � fQI� FEFQWYI� \W� EYWWQ� QM[\MXM� KWLW\E] � +WLW\EW� YM�WQ
�VQP�JMNH[W\M�[EFNW\\VYE�YWQMOIYE �'VLWHJMY]\HQI]�FEFQWYI�YM�WQ��VQP�SIJEFI\I�OINWW�UIU

7 * +6= + (10)

6 < Q = HU7= ⋅ − +λ > � � @� � (11)

XOW

*
U$

+
U%

U
DQG =

U%
= = = =

γ λ γ λ
γ λ γ

� �
� �

'� 
QMT� DMKYW� FEFQWYI� YM�WQ� NWXUM� KWLIQPF]� EQWKIZEM\\VY� YWQMOMY�� I� EYW\\M�� JMNH[I]
JWKGM\I[INP\VW�S\I[W\E]� 6

R
 ON]�WYUMFQE��ES�KIGW\FQGI�����YV�JMOF[EQVGIWY�1��UMQMKMW�YM�WQ�JMOFQIGN]QPF]

G�KIGW\FQGM����� �3IQWY�YMXHQ��VQP�\ITOW\V�MJQEYINP\VW�GWNE[E\V�ON]�6 �fQMXM�OM�EGI�QF]��F\MGI�EFJMNPSH]
KIGW\FQGM�����ON]�\MGMT�MZW\UE�1 �7FNE�FNWOMGIQP�
QMT�JKMZWOHKW�JMFNW�\WFUMNPUE>�EQWKIZET��HOWQ�\ITOW\M
KWLW\EW �7FNE�OGW�JMFNWOMGIQWNP\VW�MZW\UE�ON]� 6 6 6N N� � �+�  \I>MO]QF]�G\HQKE�JKWOMJKWOWNW\\MXM�MQ\MLW\E]

QM[\MFQP��ε.

_ _ _� �− <+6 6N N ε

QMXOI� KWLW\EW� 6 6 7N= ⋅  JMNH[IWQF]� ES� KIGW\FQGI� ��� � fQMQ� INXMKEQY� H�WOEQWNP\M� OMUISIN� �VFQKMW
F>M�OW\EW. *MOFQIGN]]�FHYYIK\M�G�KIGW\FQGM������YV�JMNH[IWY�ZW\\MFQP�G�\IFQM]RWW�GKWY]�:.

( ) ( ) ( )3:
U U

H 7H $ %6 H HU7 U7 U7 U7= − −





+ +








−− − − −λ γ� �
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�� *KEYW\W\EW

/N]� QMXM�� [QM�V� JKWOMFQIGEQP� HFNHXE� G� M�NIFQE�� XOW� EFJMNPSMGI\V� FHRWFQGH�REW� UI�WNP\VW
JIKV� EYWWQF]� OGW� INPQWK\IQEGV: )NPQWK\IQEGI� )� B� HGWNE[W\EW� WYUMFQE� UI�WNWT�� QMXOI� UIU
INPQWK\IQEGI�%�B�HOMGNWQGMKEQP�FJKMF�GKWYW\\VY�EFJMNPSMGI\EWY�-<5��I�SIQWY�OM�IGEQP�\MGVW�UI�WNE.

/I\\VW

1. 5I�WNP
- �ISEF\I]�FQMEYMFQP   70.0 08�NP
- OM�IGM[\I]�FQMEYMFQP     4.9 08�JIK�NP
- FQMEYMFQP�HUNIOUE�E�FQVUMGUE 100.0 08�NP
- FQMEYMFQP�ESXMQMGNW\E]�QKI\LWT 550.0 08�NP
- FKMU�FNH��V�UI�WN] 35 NWQ
- FQMEYMFQP�
UFJNHIQIZEE�E�QW>M�FNH�EGI\E] 2 %
- MFQIQM[\I]�FQMEYMFQP --
- I�M\W\Q�B���UY�MQ�YWFQ\MT�)1&

2. -OE\M[\VT�\WFHRET�UI\IN
- JMUHJ\I]�FQMEYMFQP 30.0 08��LQ
- FQMEYMFQP�HFQI\MGUE   8.0 08��LQ
- FKMU�FNH��V 15 NWQ
- FQMEYMFQP�
UFJNHIQIZEE�E�QW>M�FNH�EGI\E] 5 %
- MFQIQM[\I]�FQMEYMFQP --
- �I\UMGFUET�JKMZW\Q 10 %
KMFQ�FJKMFI 10 I�M\W\QMG�G�XMO

XOW�08��HFNMG\I]�OW\W�\I]�WOE\EZI

*MOF[WQ�DIUQMKI�FQMEYMFQE�G�\IFQM]RWW�GKWY]

• 5I�WNP
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*MOF[WQ�FQMEYMFQE�G�\IFQM]RWW�GKWY]�ON]�\WMXKI\E[W\\MT�SIYW\V

• UI�WNP

&QMEYMFQP:

• �ISEF\I]�FQMEYMFQP�\I�UENMYWQK D 08 NP
F F

= ⋅ + + =
∧

�� ��� ��� ���µ µ� � �

• /M�IGM[\I]�FQMEYMFQP�\I�UENMYWQK E 08 NP SDLU
F

= ⋅ =� � � ��� � � �µ
• -�RI]��ISEF\I]�FQMEYMFQP�ON]�JMN\MT�ONE\V $ D 08= = =λ ��� � �����
• -�RI]�OM�IGM[\I]�FQMEYMFQP�ON]�JMN\MT�ONE\V 

% E 08= = ⋅ =λ 6 08 3 18 24� � � JIK

• -<5�

-�RI]�FQMEYMFQP� Γ  ON]�-<5

Γ = + ⋅ = ⋅ + ⋅ =
∧

30 8 30 181 8 131 64 8µ µ
VFF VFF

08� � � � LQHU

E γ = = ⋅ =L 08Γ 01 64 8 6 5� � � � �LQHU XMO .

)NPQWK\IQEGI��$

-JQEYINP\MW�KIFLEKW\EW�WYUMFQE�MJKWOWN]WQF]

[ ]

[ ]

6
U

Q S S

S $U %

6 Q

= + +

= =

= + + ⋅ = ≈

λ

λ

λ

λ

� �

���

��
� ���

� ��� � ��� ��� ���

� �

�
� �

/N]�FQMEYMFQE�KIF>MOMG�G�\IFQM]RWW�GKWY]�YV�JMNH[IWY

3:
$ %6

H H
08

$

UV

= +
−

= + ⋅
−

=− − ⋅�

���� ��� �� ��

�
����

� ��� ��� ��� � �

�
λ

)NPQWK\IQEGI�%

*
U$

+
U%

<
U

]
U%

= = = =

= = = =

γ λ γ λ

λ γ

� �

�

� �� � ����

��� � � ��

� � �

� � �
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*MOF[WQ� 1� E� 6� JKEGWOW\V� G� FNWOH�RWT� QI�NEZW�� JKE\EYI]� JWKGM\I[INP\MW� S\I[W\EW� 6� YV
\I>MOEY� KWSHNPQIQV� ON]� INPQWK\IQEGV� ) � 5KMYW� QMXM�� G� 
QMT� QI�NEZW� MQKI�W\V� OI\\VW� M� FQMEYMFQE
KIF>MOMG�G�\IFQM]RWW�GKWY].

<MYWK 'KWY] 7YUMFQP

EQWKIZEE T S

0 7.44 150

1 7.85 165

2 8.03 172

3 8.09 175

4 8.13 176

5 8.14 ≈ 8 176 ≈ 200

Eq (11) PwB = 5956 08

/N]� INPQWK\IQEGV� '�� JKEYW\]]� GKWYW\\MT� E\QWKGIN� ��B��� YV� JMNH[IWY� FJKMF� \I
HFQI\IGNEGIWYVT�-<5 �'�UM\ZW�
QMXM�JWKEMOI�GFW�-<5��HOHQ�SIYW\]QPF]�E��HOWQ�HNM�W\�UI�WNP�\I����
JIK � &KIG\EGI]� FQMEYMFQP� G� \IFQM]RWW� GKWY]�INPQWK\IQEG�)�E�'� YV� SIUN�[IWY�[QM�INPQWK\IQEGI�'
�GKWYW\\I]�HFQI\MGUI�-<5���MNWW�
QUM\MYE[\I.

*MNH[IWYI]�
UM\MYE]

fUM\MYE] = 3: 3: 08$ %− = − =���� ���� ���

E�G�JKMZW\QI>�100 (660 / 5956) = 11 %.

5IU�GEO\M��OMFQEXIWYI]�
UM\MYE]�S\I[EQWNP\I�(11 %).
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